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A three-dimensional lattice model is constructed to theoretically study the size eﬀects on the elastic properties of ultra-
thin ﬁlms with face-center-cubic crystal structure. The lattice model directly takes the discrete nature in the thickness direc-
tion into account and treats the deformations along the ﬁlm plane with continuum mechanics. Only the interactions
between the nearest and second nearest atoms are considered in this model and represented as harmonic springs. The con-
stitutive relation of the ultrathin ﬁlm is then derived using the energy approach and the analytical expressions of the elastic
moduli of ultrathin ﬁlms, including in-plane, out-plane Young’s modulus and Poisson’s ratio, are obtained. Moreover, the
analytical expressions of ultrathin ﬁlms with diﬀerent crystal orientations are also formulated. It is shown that the ultrathin
ﬁlm along in-plane directions may be stiﬀer or softer than its bulk counterpart, but it is always softer along the out-plane
direction.
 2007 Elsevier Ltd. All rights reserved.
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Accompanying the emergence of nanotechnology, nanostructures have found unique features and beneﬁts
in various areas due to their small dimension. Some applications involving diﬀerent nanostructured materials
have already begun to emerge, especially with ultrathin ﬁlms (Vettiger et al., 1999; Kabacoﬀ, 2002). Ultrathin
ﬁlms possess nanoscale dimension in the thickness direction and dimensions at least in micrometer scale along
in-plane directions. These applications have also brought new challenging problems of investigating how
mechanical properties of materials at nanoscale diﬀer from their bulk counterparts. It is well known that most
knowledge of bulk material behavior fails to describe material response in the nanoscale range (Petersen and
Guarnieri, 1979; Broughton et al., 1997; Rudd and Broughton, 1999). In order to predict deformation, stress
and other mechanical response of nanomaterials at applications, it is necessary to have an in-depth under-
standing of how the mechanical properties of nanomaterials depend on their characteristic size.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.01.028
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thin ﬁlms including experimental methods and atomistic or molecular dynamics (MD) simulations. Many
experimental techniques have been developed to evaluate Young’s modulus of thin ﬁlms, including nanoinden-
tation testing (Ruud et al., 1994; Choi et al., 2003; Son et al., 2003), X-ray diﬀraction with in situ tensile testing
(Villain et al., 2002; Renault et al., 2003) and laser-ultrasonic surface acoustic wave spectrometry (Hurley
et al., 2001). Some experiments (Yang et al., 1977; Baral et al., 1985; Renault et al., 2003; Cuenot et al.,
2004) show the increase in elastic modulus as the constituent ﬁlm size decreases while other experiments (Pet-
ersen and Guarnieri, 1979; Ruud et al., 1994; Hurley et al., 2001; Villain et al., 2002) show the opposite trend.
In addition to the experimental investigations, MD simulations based on either pair potentials or many body
potentials have been carried out to study this size dependence for ultrathin ﬁlms (Streitz et al., 1990, 1994;
Wolf, 1991; Zhou and Huang, 2004). It was concluded from these simulation results that the elastic properties
would not only depend on ultrathin ﬁlm thickness but also on the crystal orientation.
Various theoretical models have been proposed to explain the size dependence of elastic properties for
ultrathin ﬁlms. Some speculated the surface eﬀect would become more prominent because the greatest diﬀer-
ence between micro- and nanoscale materials is the increase of the surface-to-volume ratio. Streitz et al. (1994)
studied the eﬀects of surface stress on the elastic moduli of metal thin ﬁlms and predicted the enhancement in
biaxial modulus with decreasing ﬁlm thickness. Miller and Shenoy (2000) constructed a simple model taking
account of surface tension to predict the size-dependent elastic properties of ultrathin ﬁlms and reached the
similar conclusion. However, Villain et al. (2004) discussed the eﬀect of surface tension on the size-dependent
elastic constants of tungsten layers and found that the reverse is true. Meanwhile, Zhou and Huang (2004)
observed the electron redistribution near the surface and suggested the atomic coordination would compete
with electron redistribution eﬀect to inﬂuence this size dependence along diﬀerent crystal orientation. In view
of the foregoing, the underlying mechanisms responsible for the observed size and orientation dependence are
still lack of conclusive explanation.
Although for ultrathin ﬁlm, the continuum approach can be applied to the in-plane dimensions in order to
achieve simplicity, the dimension in the thickness direction is in the order of the atomic scale, which does not
allow the use of the averaging process to derive the eﬀective continuum properties. Based on this idea, Sun and
Zhang (2003) proposed a semicontinuum model for plate-like nanomaterials with a simple cubic structure
such as sodium chloride (NaCl) type materials and found that the Young’s modulus decreases as the ﬁlm
thickness decreases. However, not so many materials possess the simple cubic structure, and thus, in this
paper, a three-dimensional lattice model will be constructed to investigate the size dependence of the elastic
moduli for the face-center-cubic (fcc) crystal structure ultrathin ﬁlms. Meanwhile, the eﬀect of ultrathin ﬁlm
crystal orientation on this size dependence will also be studied in detail.
2. Three-dimensional lattice model of ultrathin ﬁlm
In three-dimensional lattice model of fcc ultrathin ﬁlm, the dimensions of the in-plane direction are
assumed to be much larger compared to the out-plane dimension. Fig. 1 shows the geometry of a ultrathin
ﬁlm with uniform thickness h, with plane axes x and y in the middle surface and z axis perpendicular to
the middle surface. The fcc ultrathin ﬁlm is orientated along x[100], y[010] and z[001] crystal direction, which
will be referred to as {001}/h100i ultrathin ﬁlm hereafter. The discrete circles represent atoms and the lattice
constant is a. The atoms on k and k+ 1/2 layers are denoted as the same atomic layer, i.e., kth atomic layer,
where 1/2 is used to represent the atoms which are sitting at the middle of the cubic face. Along the thickness
direction, there are 2N + 1 (N = 1,2,. . .) atomic layers. The odd number of atomic layers is chosen only for
mathematical simplicity in the derivation of this model, the current model is also applicable to the ultrathin
ﬁlm of even number of atomic layers. The in-plane dimensions are assumed to be much larger compared to the
lattice constant while the thickness to atomic spacing ratio h/a is ﬁnite.
Each atom interacts with its nearest and second-nearest atom neighbors and the interactions are repre-
sented by harmonic springs with spring constants a1 and a2 (Ghatak and Kothari, 1972), respectively as illus-
trated in Fig. 2. It is assumed that the interactions other than the nearest and second-nearest atom pairs are
not signiﬁcant and negligible. Choose an arbitrary atom as the origin of the Cartesian coordinate system
shown in Fig. 1. Due to the periodic property of the material, a representative unit cell of fcc lattice model
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Fig. 2. Unit cell of {001}/h100i ultrathin ﬁlm model. The dash lines represent the nearest neighbor interactions with harmonic spring
constant, a1, inside the unit cell and the solid lines denote the second-nearest interactions with harmonic spring constant, a2.
Fig. 1. A representative model of {001}/h100i ultrathin ﬁlm.
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dots. In this unit cell, the positions of atoms are: 1, (xi,yj,z
(k)); 2, (xi+1,yj,z
(k)); 3, (xi,yj+1,z
(k)); 4,
(xi+1,yj+1,z
(k)); 5, (xi+1/2,yj+1/2,z
(k)); 6, (xi+1/2,yj,z
(k+1/2)); 7, (xi+1,yj+1/2,z
(k+1/2)); 8, (xi+1/2,yj+1,z
(k+1/2)); 9,
(xi,yj+1/2,z
(k+1/2)); 10, (xi,yj,z
(k+1)); 11, (xi+1,yj,z
(k+1)); 12, (xi,yj+1,z
(k+1)); 13, (xi+1,yj+1,z
(k+1)); 14,
(xi+1/2,yj+1/2,z
(k+1)). For a speciﬁc atom, i, j, k are unique set of numbers. The ultrathin ﬁlm illustrated in
Fig. 1 can be obtained by marching the representative unit cell with step size of lattice constant along x, y,
z directions.
In view of the large in-plane dimensions of ultrathin ﬁlm, we attempt to employ classical continuum treat-
ment in the x and y dimensions. Hence, the discrete displacements uðkÞi;j , v
ðkÞ
i;j , and w
ðkÞ
i;j of atom (xi,yj,z
(k)), can be
expressed with continuous functions of x and y, i.e., uðkÞi;j ¼ uðkÞðxi; yjÞ, vðkÞi;j ¼ vðkÞðxi; yjÞ, and wðkÞi;j ¼ wðkÞðxi; yjÞ.
The discrete nature along the thickness direction is still kept. The deformation energy U ðkÞi;j of the representa-
tive unit cell shown in Fig. 2 can be written asU ðkÞi;j ¼ U 1–6 þ U 1–5 þ U 3–5 þ U 1–9 þ U 9–12 þ U 6–11 þ U 2–5 þ U 4–5
þ U 2–6 þ U 6–10 þ U 3–9 þ U 9–10 þ U 6–7 þ U 7–8 þ U 8–9 þ U 6–9
þ U 5–8 þ U 8–14 þ U 6–14 þ U 5–6 þ U 5–7 þ U 7–14 þ U 9–14 þ U 5–9
þ U 1–2 þ U 1–3 þ U 1–10 þþU 6–8 þ U 5–14 þ U 7–9
þ U 5–5ðiþ1Þ þ U 5–5ðjþ1Þ þ U 6–6ðiþ1Þ þ U 6–6ðkþ1Þ þ U 9–9ðjþ1Þ þ U 9–9ðkþ1Þ; ð1Þwhere U1–2,U1–6,. . . represent deformation energies due to the stretching/shortening of the spring between
atoms 1,2, and 1,6. . ., respectively; U5–5(i+1) represents the interactions of atom 5 and the corresponding atom
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interaction pairs within the unit cell. Besides, there are six second-nearest interaction pairs across unit cells.
Detailed derivations will be presented for second-nearest interaction energy U1–2 and nearest interaction
energy U1–6. Other terms can be obtained in a similar way. Because displacements in each atomic layer vary
slowly from atom to atom, a two-term Taylor series expansion can be used, i.e.,uðkÞiþ1;j  uðkÞi;j ¼
ouðkÞðx; yÞ
ox
jðxi ;yjÞa: ð2ÞThus, the displacement uðkÞiþ1;j at (xi+1,yj,z
(k)) can be approximately expressed in terms of the displacement uðkÞi;j
at (xi,yj,z
(k)). Explicitly, U1–2 can be expressed in the formU 1–2 ¼ 1
2
a2ðuðkÞiþ1;j  uðkÞi;j Þ2;
¼ 1
2
a2 uðkÞðxiþ1; yjÞ  uðkÞðxi; yjÞ
 2
;
 1
2
a2 a
ouðkÞðx; yÞ
ox

ðxi ;yjÞ
 !2
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: ð3ÞBy using the binomial expansion, the above expression can be rewritten asﬃﬃﬃ
2
p
2
ðuðkþ1=2Þiþ1=2;j  uðkÞi;j Þ þ
ﬃﬃﬃ
2
p
2
ðwðkþ1=2Þiþ1=2;j  wðkÞi;j Þ:Therefore, deformation energy U1–6 due to the stretching of the nearest neighbor spring between atom 1 and
atom 6 is obtained asU 1–6 ¼ 1
2
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2
p
2
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:Other nearest and second-nearest interaction energies can be expressed in a similar way.
If the deformation energy of the representative unit cell at kth atomic layer is denoted by U ðkÞi;j and the defor-
mation energy of the representative element at (xi,yj,z
(N)) of the top atomic layer is denoted by U topi;j , the total
deformation energy of the ultrathin ﬁlm Utot, can then be approximated asU tot ¼
X
i
X
j
XN1
k¼N
U ðkÞi;j þ
X
i
X
j
U topi;j : ð4ÞThe topmost atomic layer cannot be formed through the stacking of the unit cell so the deformation energies
need to be counted separately asU topi;j ¼ U ðNÞ1–2 þ U ðNÞ1–3 þ U ðNÞ1–5 þ U ðNÞ4–5 þ U ðNÞ3–5 þ U ðNÞ2–5 þ U ðNÞ5–5ðiþ1Þ þ U ðNÞ5–5ðjþ1Þ:
The expressions for U ðNÞ1–2; . . . ;U
ðNÞ
5–5ðjþ1Þ are similar as in the other unit cell except that k = N.
3. Elastic moduli
Deﬁne the in-plane strains, eðk;kþ1=2Þxx , e
ðk;kþ1=2Þ
yy , and c
ðk;kþ1=2Þ
xy and ﬁnite strains e
Mðk;k1=2Þ
zz , c
Mðk;k1=2Þ
xz , and
cMðk;k1=2Þyz in the kth atomic layer as
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ouðk;kþ1=2Þ
ox
; eðk;kþ1=2Þyy ¼
ovðk;kþ1=2Þ
oy
; cðk;kþ1=2Þxy ¼
ouðk;kþ1=2Þ
oy
þ ov
ðk;kþ1=2Þ
ox
;
eMðkÞzz ¼
wðkþ1Þ  wðkÞ
a
; eMðk1=2Þzz ¼
wðkþ1=2Þ  wðkÞ
a=2
;
cMðkÞxz ¼
owðkþ1Þ
ox
þ u
ðkþ1Þ  uðkÞ
a
; cMðk1=2Þxz ¼
owðkþ1=2Þ
ox
þ u
ðkþ1=2Þ  uðkÞ
a=2
;
cMðkÞyz ¼
owðkþ1Þ
oy
þ v
ðkþ1Þ  vðkÞ
a
; cMðk1=2Þyz ¼
owðkþ1=2Þ
oy
þ v
ðkþ1=2Þ  vðkÞ
a=2
:Thus, the strain energies of the springs inside the unit cell can be rewritten. For example,U 1–6 ¼ 1
16
a1a2ðeðkþ1=2Þxx þ eMðk1=2Þzz þ cMðk1=2Þxz Þ2;
U 1–2 ¼ 1
2
a2a2ðeðkÞxx Þ2:And the strain energy of the top atomic layer isU topi;j ¼
3
2
a2a2 ðeðNÞxx Þ2 þ ðeðNÞyy Þ2
h i
þ 1
8
a1a2 4ðeðNÞxx þ eðNÞyy Þ2 þ 4ðcðNÞxy Þ2 þ ðeðNÞxx þ eðNÞzz Þ2 þ ðcðNÞxz Þ2 þ ðeðNÞyy þ eðNÞzz Þ2 þ ðcðNÞyz Þ2
h i
ð5ÞAssuming that the deformation is homogeneous and small, we can represent the elastic strains in the ultrathin
ﬁlm aseðk;kþ1=2Þxx ¼ exx ¼
ou
ox
;
eðk;kþ1=2Þyy ¼ eyy ¼
ov
oy
;
eMðk;k1=2Þzz ¼ ezz ¼
wðkþ1Þ  wðkÞ
a
;
cðk;kþ1=2Þxy ¼ cxy ¼
ou
oy
þ ov
ox
;
cMðk;k1=2Þxz ¼ cxz ¼
ow
ox
þ u
ðkþ1Þ  uðkÞ
a
;
cMðk;k1=2Þyz ¼ cyz ¼
ow
oy
þ v
ðkþ1Þ  vðkÞ
a
:Considering the volume element a · a · h of the ultrathin ﬁlm, the average strain energy density of this volume
element at the in-plane location (x,y) is deﬁned asW ¼
XN1
k¼N
U ðkÞij þ Utopij
 !
a2h

¼ 1ð2Nþ 1Þa
Na1½ðexx þ ezzÞ2 þ ðeyy þ ezzÞ2 þ ðexx þ eyyÞ2 þ ðcxzÞ2 þ ðcyzÞ2 þ ðcxyÞ2
þ4Na2½ðexxÞ2 þ ðeyyÞ2 þ ðezzÞ2 þ 32 a2½ðexxÞ2 þ ðeyyÞ2
þ 1
8
a1½4ðexx þ eyyÞ2 þ 4ðcxyÞ2 þ ðexx þ ezzÞ2 þ ðcxzÞ2 þ ðeyy þ ezzÞ2 þ ðcyzÞ2
0
BB@
1
CCA;
ð6Þwhere the thickness h is taken to be (2N + 1)a. Since rij = oW/oeij, the constitutive relation of the ultrathin ﬁlm
can be expressed asri ¼ Cijej ði; j ¼ 1; 2; . . . ; 6Þ;
where the subscript i = 1,2, . . . , 6 corresponding to x, y, z, yz, xz, and xy, respectively. Cij is the stiﬀness ma-
trix, which gives 36 elastic constants. The non-zero constants in stiﬀness matrix are
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ð4Nþ 5
4
Þa1 þ ð8Nþ 3Þa2
ð2Nþ 1Þa ;
C12 ¼ C21 ¼ C66 ¼ a1a ;
C33 ¼
ð4Nþ 1
2
Þa1 þ 8Na2
ð2Nþ 1Þa ;
C13 ¼ C31 ¼ C23 ¼ C32 ¼ C44 ¼ C55 ¼
ð2Nþ 1
4
Þa1
ð2Nþ 1Þa :The elastic moduli (in-plane, out-plane Young’s modulus and Poisson’s ratio) could then be obtained as
(Boresi and Chong, 1999)Ex ¼ Ey
¼ 2½ð8a1 þ 32a2ÞNþ a1 þ 12a2½ð32a
2
1 þ 160a1a2 þ 128a22ÞN 2 þ ð20a21 þ 68a1a2 þ 48a22ÞNþ 2a21 þ 3a1a2
að2Nþ 1Þ½ð192a21 þ 1024a1a2 þ 1024a22ÞN 2 þ ð96a21 þ 416a1a2 þ 384a22ÞNþ 9a21 þ 24a1a2
;
ð7Þ
Ez ¼ 2½ð32a
2
1 þ 160a1a2 þ 128a22ÞN 2 þ ð20a21 þ 68a1a2 þ 48a22ÞNþ 2a21 þ 3a1a2
að2Nþ 1Þð8Nþ 3Þð3a1 þ 4a2Þ ; ð8Þ
mxy ¼ a1ð64N
2a1 þ 256N 2a2 þ 64Na1 þ 128Na2 þ 7a1Þ
½ð192a21 þ 1024a1a2 þ 1024a22ÞN 2 þ ð96a21 þ 416a1a2 þ 384a22ÞNþ 9a21 þ 24a1a2
; ð9Þ
mxz ¼ myz ¼ a1ð8Nþ 1Þð8Na1 þ 32Na2 þ a1 þ 12a2Þ½ð192a21 þ 1024a1a2 þ 1024a22ÞN 2 þ ð96a21 þ 416a1a2 þ 384a22ÞNþ 9a21 þ 24a1a2
: ð10ÞObviously, the values of both Young’s modulus and Poisson’s ratio are dependent on the total numbers of
atomic layers. For the extreme case (N!1), which is corresponding to the bulk material, the extreme values
for Young’s modulus and Poisson’s ratio of the {001}/h100i ultrathin ﬁlm areEC ¼ ðEx;y;zÞC ¼
4ða1 þ 4a2Þða1 þ a2Þ
að3a1 þ 4a2Þ ; ð11Þ
mC ¼ ðmxyÞC ¼ ðmxzÞC ¼ ðmyzÞC ¼
a1
3a1 þ 4a2 ; ð12Þrespectively. It should be noted that the extreme values are only determined by the spring constants (a1,a2) and
lattice constant, a.
It can be found from the above expressions that the elastic moduli of ultrathin ﬁlms would depend on the ﬁlm
thickness, which is the total number of atomic layers. However, it is not clear whether the elastic moduli decrease
or increase as the ﬁlm becomes thinner. In order to clarify this size dependence, the numeric values of spring con-
stants representing the interaction between the nearest and second-nearest atom pairs should be obtained ﬁrst.
Here, the proper values of spring constants (a1,a2) would be deduced based on the bulkmaterial properties. Take
single crystalline fcc nickel as an example, the lattice constant is 3.52 A˚ and the corresponding experimental bulk
values ofYoung’smodulus andPoisson’s ratio are 150.8 GPa and 0.366, respectively (Milstein, 1973).Hence, the
spring constants could be calculated using Eqs. (11) and (12) as a1 = 53.08 (N/m),a2 = 3.56 (N/m).
Fig. 3 shows the size dependence of elastic moduli for the {001}/h100i ultrathin ﬁlm. The Young’s moduli
along diﬀerent loading directions are normalized with respect to their bulk values. It is seen clearly from the
ﬁgure that the elastic moduli (i.e., in-plane, out-plane Young’s modulus and Poisson’s ratios) approach their
bulk values as the ﬁlm thickness increase. Also, all the in-plane and out-plane Young’s moduli show softening
behavior (see Fig. 3(a)), which means their values decrease with the decrease of ﬁlm thickness. Moreover, the
out-plane Poisson’s ratios (mxz,myz) increase but the in-plane Poisson’s ratio, mxy, decreases with increasing ﬁlm
thickness. Note that the anisotropic behavior of in-plane Poisson’s ratio, mxy, and out-plane Poisson’s ratios
(mxz,myz) is observed even though the three axes, x[100], y[010] and z[001] should be crystallographic equiv-
alent. As expected, this size-induced anisotropy will become less signiﬁcant since all the Poisson’s ratios
approach the same bulk value as the total number of atomic layers increase.
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Fig. 3. The variations of the elastic moduli with total numbers of atomic layers for {001}/h100i ultrathin ﬁlm. (a) Normalized Young’s
modulus. (b) Poisson’s ratios.
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In order to investigate the crystal orientation eﬀect on the elastic moduli, the lattice model of fcc ultrathin
ﬁlms could be reconstructed along diﬀerent crystal directions in a similar method. Two other diﬀerent crystal
orientations of ultrathin ﬁlms are considered. One crystal orientation is chosen as x[110], y½110 and z[001]
and it will be referred to as {001}/h110i ﬁlm. The other is x½110, y½112 and z[111], which will be denoted as
f111g=h110i ﬁlm. Figs. 4 and 5 show the unit cell and the interatomic interactions within the unit cell forFig. 4. Unit cell of {001}/h110i ultrathin ﬁlm model.
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thin ﬁlm, so the detailed derivation process would be omitted for brevity.
For the {001}/h110i ultrathin ﬁlm, the elastic moduli are derived asEx ¼ Ey ¼ 4a1½ð32a
2
1 þ 160a1a2 þ 128a22ÞN 2 þ ð20a21 þ 68a1a2 þ 48a22ÞNþ 2a21 þ 3a1a2
a½ð64a21 þ 224a1a2 þ 128a22ÞN 2 þ ð40a21 þ 100a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
;
Ez ¼ ½ð64a
2
1 þ 320a1a2 þ 256a22ÞN 2 þ ð40a21 þ 136a1a2 þ 96a22ÞNþ 4a21 þ 6a1a2
að2Nþ 1Þð8Nþ 3Þð3a1 þ 4a2Þ ;
mxz ¼ myz ¼ 2ð2Nþ 1Þð8Nþ 1Þa
2
1
½ð64a21 þ 224a1a2 þ 128a22ÞN 2 þ ð40a21 þ 100a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
;
mxy ¼ a2½ð96a1 þ 128a2ÞN
2 þ ð36a1 þ 48a2ÞNþ 3a1
½ð64a21 þ 224a1a2 þ 128a22ÞN 2 þ ð40a21 þ 100a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
:Fig. 6(a) and (b) show the eﬀect of ﬁlm thickness on the elastic moduli for {001}/h110i ultrathin ﬁlm. It can
be seen that the in-plane Young’s moduli (Ex,Ey) are larger than their bulk counterpart while the out-plane
Young’s modulus, Ez, shows softening behavior. Since the directions x[110] and y½110 are crystallographic
equivalent, the size-dependent elastic moduli would behave in the same way along these two directions. As
before, the out-plane Poisson’s ratios (mxz,myz) increase but the in-plane Poisson’s ratio, mxy, decreases with
increasing ﬁlm thickness. However, the in-plane Poisson’s ratio is negative, which means that the ﬁlm will ex-
pand in the in-plane direction while loading along the other in-plane direction for {001}/h110i ultrathin ﬁlm.
This is a result of large positive values in out-plane Poisson’s ratios. A similar result has been predicted by
Zhou and Huang (2004) for copper thin ﬁlm by performing MD simulation based on the embedded-atom-
method (EAM) potential.
As for the f111g=h110i ultrathin ﬁlm, the elastic moduli are derived asEx ¼ 4a1½ð32a
2
1 þ 160a1a2 þ 128a22ÞN 2 þ ð20a21 þ 68a1a2 þ 48a22ÞNþ 2a21 þ 3a1a2
a½ð64a21 þ 224a1a2 þ 128a22ÞN 2 þ ð40a21 þ 100a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
;
Ey ¼ 12a1ð8Nþ 1Þ½ð32a
2
1 þ 160a1a2 þ 128a22ÞN 2 þ ð20a21 þ 68a1a2 þ 48a22ÞNþ 2a21 þ 3a1a2
a
ð1536a21 þ 5376a1a2 þ 3072a22ÞN 3 þ ð1664a21 þ 4864a1a2 þ 2560a22ÞN 2
þð536a21 þ 1236a1a2 þ 528a22ÞNþ 44a21 þ 65a1a2
" # ;
Ez ¼ 6a1ð8Nþ 1Þ½ð32a
2
1 þ 160a1a2 þ 128a22ÞN 2 þ ð20a21 þ 68a1a2 þ 48a22ÞNþ 2a21 þ 3a1a2
a
ð640a21 þ 3072a1a2 þ 2048a22ÞN 3 þ ð640a21 þ 2432a1a2 þ 1536a22ÞN 2
þð190a21 þ 528a1a2 þ 288a22ÞNþ 15a21 þ 22a1a2
" # ;
mxy ¼ ½ð64a
2
1 þ 96a1a2 þ 128a22ÞN 2 þ ð40a21 þ 36a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
3½ð64a21 þ 224a1a2 þ 128a22ÞN 2 þ ð40a21 þ 100a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
;
mxz ¼ 2½ð16a
2
1 þ 96a1a2 þ 128a22ÞN 2 þ ð10a21 þ 36a1a2 þ 48a22ÞNþ a21 þ 3a1a2
3½ð64a21 þ 224a1a2 þ 128a22ÞN 2 þ ð40a21 þ 100a1a2 þ 48a22ÞNþ 4a21 þ 3a1a2
;
myz ¼
2
ð128a21 þ 768a1a2 þ 1024a22ÞN 3 þ ð160a21 þ 8966a1a2 þ 1024a22ÞN 2
þð58a21 þ 252a1a2 þ 240a22ÞNþ 5a21 þ 7a1a2
" #
ð1536a21 þ 5376a1a2 þ 3072a22ÞN 3 þ ð1664a21 þ 4864a1a2 þ 2560a22ÞN 2
þð536a21 þ 1236a1a2 þ 528a22ÞNþ 44a21 þ 65a1a2
" # :The calculated elastic moduli for f111g=h110i ultrathin ﬁlm as a function of ﬁlm thickness are shown in
Fig. 7(a). It is obvious that the in-plane Young’s modulus, Ex, shows stiﬀening behavior while the other
two Young’s moduli show softening behavior. The variation in Poisson’s ratios with ﬁlm thickness is shown
in Fig. 7(b). It is clearly that the Out-plane Poisson’s ratios (mxz,myz) decrease but the in-plane Poisson’s
ratio, mxy, increases as the ﬁlm thickness increases. This behavior is opposite to that observed in two previous
cases.
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modulus. (b) Poisson’s ratios.
Fig. 5. Unit cell of f111g=h110i ultrathin ﬁlm model.
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As seen in Figs. 3, 6 and 7, the trend for in-plane Young’s modulus (Ex or Ey) is dependent on the crystal
orientation of ultrathin ﬁlms. This implies that whether the ultrathin ﬁlm in in-plane surface is stiﬀer or softer
depending on its crystal orientation. Similar conclusions have also been drawn from molecular simulations of
copper (Streitz et al., 1990; Zhou and Huang, 2004) and gold (Wolf, 1991) thin ﬁlms. Moreover, the trend of
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Fig. 7. The variations of the elastic moduli with total numbers of atomic layers for f111g=h110i ultrathin ﬁlm. (a) Normalized Young’s
modulus. (b) Poisson’s ratios.
I-L. Chang et al. / International Journal of Solids and Structures 44 (2007) 5818–5828 5827size dependence predicted by lattice model is consistent with the previously published papers employing many-
body EAM potential. From the lattice model, it is observed that the out-plane Young’s modulus, Ez, is always
softer for all three orientations, which means that the ultrathin ﬁlm surface is always softer than the bulk. So
far, there have been no reports on this softening phenomenon. Direct MD simulation using EAM potential to
further verify this result is underway.
The surface eﬀects such as surface stress, energy, tension or atomic coordination has been suggested in the
literatures (Streitz et al., 1994; Zhou and Huang, 2004; Miller and Shenoy, 2000) as the mechanism for the
size-dependent elastic moduli. However, the present lattice model results are obtained by only using the total
strain energy density of an ultrathin ﬁlm without any consideration of surface eﬀect and it is observed from
qualitatively comparisons with reported molecular simulation results (Streitz et al., 1990; Zhou and Huang,
2004; Wolf, 1991) that the lattice model could predict similar trend of size dependence for diﬀerent ﬁlm ori-
entations. This indicates that the surface eﬀects might not be the major contributor to the stiﬀening/softening
behavior for ultrathin ﬁlms, yet the fundamental mechanisms are not fully understood. Further research is
necessary to clarify this phenomenon.
In conclusion, a three-dimensional lattice model, directly taking the discrete nature in the thickness direc-
tion into account, is developed for the ultrathin ﬁlm with fcc structure. By calculating the deformation energy
of the nearest and second nearest atomic pairs, the strain energy density is derived. The size-dependent elastic
moduli of three diﬀerent crystal orientated ultrathin ﬁlms, i.e., {001}/h100i, {001}/h110i, f111g=h110i, are
formulated analytically using the energy approach. The ultrathin ﬁlm is shown to be anisotropic due to its
small thickness and has size dependent elastic properties. More importantly, the ultrathin ﬁlm in in-plane
5828 I-L. Chang et al. / International Journal of Solids and Structures 44 (2007) 5818–5828surface may be stiﬀer or softer than its bulk counterpart; however, the ultrathin ﬁlm in out-plane surface is
always softer.
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